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Summary. In this second paper, we offer a new insight and much simpler
expressions for matrix elements in terms of non-canonical Weyl tableau basis
functions adapted to subgroup chain U(n, + n,) > U(n,) x U(n,). The matrix
elements can be expressed through the product of U(n;+ 1) and U(n,+ 1)
matrix elements times a factor 4, so it is a “global” rather than a ‘‘segment
value”.
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1. Introduction

The unitary-group approach (UGA) represents not only the simplest but also the
most efficient procedure for CI (configuration interaction) problems in many-
electron systems. It is based on earlier developments in the nuclear many-body
problem, and on representation theory of compact Lie groups due to Moshinsky
[1], Gelfand and Tsetlin [2], Nagel and Moshinsky [3], Baird and Biedenharn [4],
Louck and Galbraith [5] and others.

The UGA to CI problems exploits the fact that the spin-independent many-
electron Hamiltonian may be expressed as a bilinear form of the U(n) generators.
Hence, the CI matrix elements can be evaluated as linear combinations of the
appropriate orbital integrals, where the coefficients are given in terms of the
matrix elements of the U(n) generators and their products between the canonical
Gelfand bases.

However, in spite of the simplicity of the unitary group approach in principle,
the explicit expressions of the generator matrix elements in Gelfand bases are
rather complex and, if applied directly, might result in a rather inefficient
computational scheme. Therefore, for the purpose of simple many-electron
problems, Paldus [6] and Shavitt [7] have presented an effective and elegant
simplified formalism based on the Paldus array. They showed that, although for
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an arbitrary column irreducible representation of U(n) the questions of basis
generation and generator matrix element evaluation are rather complex, there is
a simple and compact solution of both of these problems for two-column
irreducible representations, and the graphical unitary group approach (GUGA)
results.

Recently, we have presented a Weyl type graphical method [8] for evaluating
the matrix elements of U(n) generators as well as products of generators, which
is an extension of Harter’s jawbone counting formula for elementary generators
E;;_119]. Later, by considering the transformation properties of the generators
of U(2n) and applying the Wigner—Eckart theorem repeatedly, we presented
simple closed expressions for the generator matrix elements of U(2n) in a
non-canonical Weyl tableau bases, symmetry adapted to the group chain
U(2n) = U(2) x U(n) [10]. These expressions are required for CI dealing with
spin-orbit coupling. Another non-canonical group chain that is also important in
the CI problem, is

Un) o> U(n,) x Un,), n=n,+n,. 1)

Recently, a complete derivation of the U(n) generator matrix elements in the
non-canonical bases adapted to the group chain (1) was presented by Gould and
Paldus [11] from the viewpoint of the Green—Gould characteristic identities for
GL(n) [12]. They obtained the expressions for the fundamental
U(n) : U(n,) x U(n,) reduced Wigner coefficients and matrix elements. Paldus et
al. [13] dealt with the same many-electron system partitioning in a Clifford
algebra unitary group approach by several different methods, namely the permu-
tation-orthogonalization method, the U(n) Clebsch—Gordan coefficient method,
and the linear algebraic equation method. A special case of partitioning is also
employed in the particle-hole formalism, which was examined by Paldus and
Boyle [14].

It is our aim in this paper to derive the detailed formulae of the generator
matrix elements in the Weyl tableau bases adapted to the group chain (1). This
derivation offers a new and useful viewpoint and gives flexibility to the formal-
ism. The non-trivial case is given by the product of U(n; + 1) and U(n, + 1)
matrix elements times a factor A. So it is “global” rather than a “segment
values” solution. It is worthwhile to point out that the factor 4 is somewhat
similar to the “coupling segment value” of {11] and the “link segment” of the
p-h formalism in [14], and essentially represents a SU(2) 6 —j symbol. In the
previous paper of this series [15], explicit formulae for the subduction coefficients
have been derived from which the final results will now be obtained.

2. Fundamentals
It is well known that the U(n) generator matrix elements in the non-canonical

Weyl tableau bases can be evaluated from those in the canonical Weyl tableau
bases. The transformation reads:

VI [Villvsl Vi nlivs)
,lx Wé Y Wl’ W2
_ PV val\ /v VLN IV L (V]
‘WZW<W' Wiws ><W W, W, ><W B W>’ @
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The term on the left-hand side is the matrix element for the non-canonical Weyl
tableau bases, the last term on the right-hand side is the matrix element in
canonical Weyl tableau bases, and the first two terms are the subduction
coefficients between the non-canonical and canonical Weyl tableau bases.
Throughout we adopt the same notation as in [15].

Because of the Hermiticity relation,

Ef =&, 3

so we may confine our discussion to the lowering generators E; with i>j.
By considering the transformation properties of the U(n) generators with
respect to the subgroup imbedding of group chain (1), we obtain the following
relations.

(a) In the first case of 1 <i,j < n,, the generators E; are just the generators of

subgroup U(n;) and we have
VLl o VI Vi ival\ _ [Vi]E Vil\ /Val|[Va]
- N\ wa| W,

W; s W/Z v Wl s W2 W/l

Vi V
= <[I/Vl§] Eij [W11]> 6V’1,V15V’2,V26W’2,W2' )
(b) For the other special case, n, + 1 <i,j <n =n, +n,, we have
VWA o [VEIDL _ /|6l /)] (7]
13 W; v Wl: W2 W& Wl W; Y W2

(V)

E
w,

_ /"l

wylY
(c) The non-trivial cases are those where i, j refer to orbitals of different
subgroups. In the case of the lowering generators, { belongs to the subgroup
U(n,) and j to U(n,), namely,

>5V'1’V15V'2,V25W'1,W1' (%)

m+li<i<n+nm=n
1<j<m.

In such cases, the generators E,; transform as the tensor operators of contragra-
dient vector operators of U(n,) and vector operators of U(n,). If [V;] x [V>]
denotes the irreducible representations of U(n,) x U(n,), and the explicit labels
[1{”, 4] are introduced instead of [V,], where A{? is the number of boxes in
the gth column of the Young diagram [V,], then all the four shifting effects are
as follows:

D G — 1, 200 <GP + 1, 28]
) (4~ 1, 49) <GP, 49+ 1]
3) [0, A9 — 1] x AP + 1, 4] ©

4 [0, 29— 1] x (4P, 29 + 11
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Applying the U(n;) x U(n,) Wigner—Eckart theorem to the non-canonical
matrix elements, we may write

V1 (Vilival SN
W,l') WZ Wl’ W2

=<V L IV E( V) [V,],[V21><[V’] [$1]><[V2’]

7l
i o

where the first term on the right-hand side is the U(n;) x U(n,) reduced matrix
element, being dependent only on the Young diagrams of [V, [V1], [V5], [Vi]
and [V,], the second term is a U(n,) contragradient vector coupling coeflicient,
and the third term is a U(n,) vector coupling coefficient with j and i being the
corresponding unit bases in terms of Weyl tableau bases.

Now, in order to eliminate the reduced matrix elements in Eq. (7), we
consider the non-canonical matrix element of a pertinent generator E,; where [ is
in the range (1, n,) and k in the range (n, + 1, n; + n,). If the indices k, / are
chosen appropriately (see Sect. 3) the following relation can be exploited

VEvil vl
Wims W,

Wlma W2m >

= VL VL IV E VL [V 17l <[V'

1\ /IVal
Wlm W,Zm
where |W7,,>, | Wi s > are the corresponding Weyl tableau

bases, which yield non-trivial results. Combining Egs. (7) and (8), we obtain the
following equation:

pLe
k, W2m >, (8)

Vi vilival £ VD A
Wllr W& Y Wls W2
<[V] [V’] V3] sVl [Vl ><[Vi] j—,[V1]> <[V§] l.,[Vz]>
lms W2m Wlma W2m Wi ’ Wl Wé ’ WZ
il 1\ /1val|,  [Vval \ ]!
l; k; . 9
X[ <W1m Wi/ \Win|© Was ©
Using the property of E, ., (r=1,2,...,n,) forming a contragradient
vector operator of Un,), and E,,, , ,, ., (¢ --nl +1 n+2,...,n +n,) form-
ing a vector operator of U(n,), we apply the Wigner—FEckart theorem again and
obtain
<[V]; [Viliva] E, ] [V2]>
/11 W2 Wls WZ
Vo, +1] W1\ [Viy41] [Va,+1l
=4 [V/] En1+ 1j [Vl] [V/Z] Ei,nl +ny+1 [V2] s (10)

Wi W, W, W
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where
42/ VEWAL VEl (VBN (2]
W;m’ W&m K Wlm’ W2m
[Vn1+1] [an+l] [Vn2+l] [Vn2+1] -1
X [V;] En1+1,l [Vl] [Vé] Ek,n,+n2+l [Vz]
;m Wlm W;m WZm
=Mr-[M - M;]"". (1D

In Egs. (10-11), the selection of the irreducible representations [V, . ] of
U(n, +1) and [V, ] of U(n, + 1) should satisfy the following decomposition
conditions:

[Vn1+1] > []
Vay+1121V1]
[Vn7_+1] o [V,]
Vay+1l 2V2).

It is obvious that the [V, . ;] and [V, ] satisfying Eq. (12) are not unique. We
now make a special choice for the four cases of different shifts using the criterion
of maximum symmetry in the final formulae

Va1l =11 +[L1]
W+l =1V2]

(12)

(13)

3. Detailed derivation

We now direct our attention to the remaining problem of how to obtain the
value of 4 in Egs. (10—11). It should be noted that, for the definite choice of Eq.
(13), A depends only on {V], [V;] and [V,] for a given shift case. We consider the
special shift of [A{(", AP — 1] x [AP + 1, AP] as an example. According to Eq.
(11), the calculation of A is that of three generator matrix elements, i.e.

A =Mz[/(MM,). (14)
At first, we consider the simplest case, namely,

"i]=[29, 1]
[V2]=[2, 0]
[Vi1=[2{",0]
Vil=01kP+1,0].

By virtue of the Littlewood—Richardson rule, we know that

[V]=I[4, 4],

where 4,, A, satisfy the following relations
Li=AP+ AP — 45
Ay=1+4As

(15)

(16)
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and

AS=0,1,2,...,dz-—~1 fordlé*«dz
(1
As=0,1,2,...,d,—1 ford, <d,.

In Eq. (17), 4, refers to the axial distance between the last box of each column
in [V}, that is

d=1P -9+ 1. (18)
Now, take

Eklen;-kl,n; (19)

1 1 m

Vi 2 | 4 2
im A(‘I) 1m A(‘)
ny+1
[m>= A Wﬂ>x m+3
- ' W o : ’
n1+j,(]2)+l n‘+},§2)+1

Wl =GP +1,11
{Vn2+ 1} = {2‘(12) + 1: 0}~
Substituting Egs. (19-21) into Eq. (11) and using the method of [8], we obtain

[V, +1] Va1l y
My=( Vil |Ew1n,| W] )= /m, (22)
Wi, W, !

(2D

im
{Vn2+ll {Vn2+l}
My={ V3] |Essimana1| [V2] )=(=D%2"% (23)
W W

The most complicated step is the calculation of M, which depends on the
different 4s. Combining Egs. (2), (11), (14) and (19-20), we finally obtain

W AR WL sl
MT~_< ims Wam Envamy Wims Wam >.4s
B NGl AN G AA
=5 M <w;, mwm><wmkwmwgm> (24)
where
M'a<§,’,] By | ) > - 29)
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In order to go a step further, three things should be pointed out:

a) According to the selection rule for non-zero elementary generator matrix
clement in U(n) (see [8]), the Weyl tableau bases W, > and |W,,) in the
preceding equations must be the same except in one box, which is covered by #,
in |W,,> and by n, + 1 in |W,,). Thus, there is a one to one correspondence
relation between |W,,> and |W},), and furthermore, the desired |#,,> can be
easily determined from |W,, ).

b) In our special case of Egs. (19-20), the different box is the first box of the
second column.

¢) M’ takes the value 1 which is independent of different As.

,_ /] I\ _
M _<W;n En1+l,nl W >_1 (26)

(In the special case where A{" = n;, M| will take the value 1, but M’ will take the
value [(d; + 1)/d,]'. Now, d, = n,, hence the formula of 4 remains unchanged.)
Thus, Eq. (24) simplifies to

AN
Mr=2. <W;,, W;,,,Wsm>4s <Wm

W
Now, we evaluate Eq. (27) for the first several 4s by using the results of [15].

2
Wos W 20

A > .

For 4s =0, the summation includes just one, i.e. 2 0o ) term and we obtain

My ={(d, + &) /ld>(d, + D]}

1
M= {Z(dl +d,—1)/[d,(d, + 1)]}1/2-

d,— 1
For As = 1, the summation will include < 2 ) terms and we obtain

For ds =2, (d2 N

1
’ > terms are included and we obtain

My = {3(d, + d, — 2)/[d,(d, + D]}~

Then, induction yields the final result:

My ={(1+ 4s)(d, + d, — 45) [[d(dy + D]}, (28)
where the following identity has been used:
dy— (ds— 1) 1 {dz—(ds—2) 1
jiz2 @+ih =2 +iH—3) | <541 @i+ - 4)d +j,—5)

dy 1
X< ... - - co.p 2+ 6(4s,0
{ ‘{,-AF,-E_,H (& s — 245y + Jy — 245 = 1)} }} (4, 0)

_ (dy— 45 — )d, + d, — 245 — D)(d, — 1)!
T(d—As — Dd, — ) AsWd, + d,— As — D)1

It should be noted that all the parameters d; and 4s must satisfy the selection
rules of Eq. (17), otherwise, a negative integer factorial will appear.

(28a)
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Substituting Eqs. (22-23) and (28) into Eq. (14), we obtain

L (L + As)(d, + d, — As)
dd, '

In the following, we extend the result of Eq. (29) to more general cases. First
we consider

A=(—1)%"

(29)

i1 =[21", 48°]

V1] = A0, 49 ~ 11 (30)
In this situation, as long as we take
1 1 1 1
2 2 2 2
[ ,‘]>= =1 A—1 [W‘]>= =1 4,—1 (31)
1m /12 1m iz n
I I

where all the 4, refer to A" and [V, ,,]1=[A{"+1, 4], then all the results
obtained above retain the same form.
Next, we consider the most general case

[(V2]=[29, AP

V=R +1, 491 (32
Now, we take
nm+1 n+1 n+1 n +1
mti, mt+i nl—;—lz nl-;—lz
[V'21>= o+ A+ 1 [Vzl>= o+ A+ 2
Wim nt+i+2 Wom n o+ A +3
Hy +).2+3 :
n1+):.1+1 n1+ll+1
(33)
and
Vo, 1l =04 +1,4,] (34)

Ey= En1+/12+1,n1-

In Eqgs. (33-34), all the 4, refer to (. In this situation, the only thing which has
changed is the value of M’ in Eq. (26). Here,

,_ /W] I\ _
M_< E W>_( e (35)

ny+ AP+ 1ny

’
W, m
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So, the final result for the general case of [V,] and [V5] is

A=(—1)’152)+d2—1 (1 + 4s)(d; + d, — 4s)
d\d,

(36)

)1(12) (1 + AS)(dl + dz - AS)
4. '

As to the other three cases of shifts, the results can be obtained by a similar
procedure, the final expressions are given in the next section.

=(—1

4. The final expressions

IHHUAIESPRILHLILE
W;a W/2 Y Wl: WZ
[Vn1+l] [ 1+1] [Vn2+l] [Vn2+1]
=A( V1] |Ew 41| V1] V2l (Einysnyer| (V2] )i (37)
W W, W W,

W+ =11+ (1, 1]
[Vn2+1] = [Vz]-
For the first shift case, [A{" — 1, AV] x [AP + 1, AP]:

A =(_1)1S2)+A5\/@_AS ;:lz(d2_ds) (38)

AS=0,1,...,d1—2, d2>d1
As=0,1,...,dy—1, dy<d,.
For the second shift case, [A{" — 1, 1] x [AP, AP + 1]:

A=(—n@ [Gts ;13: L (39)

As=0,1,...,d—1, dy>d,
As=0,1,...,dy—1, dy<d.
For the third shift case, [A{", A" — 1] x [AP + 1, 4,]:
it \/(d1+d2 As)(1 + As)
d.d,
As=0,1,...,d—1, dy=d,
As=0,1,...,dy—1, dy<d,.

(40)
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For the last shift case, [A{, A¥ — 1] x [AP, AP +11:

dy— As)(dy, — As — 1
)@ \/( S)Ez,zdz s—1) (41)
As=0,1,....di—1, d>d,

As=0,1,...,d,—2, d,<d,.

Finally, we give two examples to illustrate these formulae.
Example (1), for the third shift case, U(6) > U(3) x U(3),

1 46 1 2 46
[23]§ 3®5 Eq, [23]; 3 ®5
6 As=1
1 4 |1 2\ /4 6/ |4 6
d+d,—As)(1+ 4
=(_1)z€2>\/(1+ 2ddS)( +49) 3 E423 5 |Egl5
12 6 7

- \/(2+2—1)(1+1)\/f \[

Example (2) for the last shift case, U(6) > U(3) x U(3),

13 45 12 46
2412 ®5 6Eg|[211;2 3®5
3 6 3 6 As=1
= (=14 +4s (dy — As)(d, — 4s — 1)
d d,
1 3 1 2
2 4 ) 5\ /45| |46
x 3 Ey 3 S 6|Es|5 7
4 4 6 6

_ 1 (2= 1><3 ) NG EAYE)
=(-1) ‘\/ (—1)( 2>_2.
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